We derive Galilean wavelets, by which we mean coherent states of the a ne Galilei group, that is, the Galilei group extended by independent space and time dilations. The construction follows a general method based on square integrable group representations, possibly modulo a subgroup, i.e., on a homogeneous space of the underlying group. We also examine the restriction to the Schr odinger subgroup, which contains only dilations that leave invariant the Schr odinger and the heat equations.
1 Introduction: space-time wavelets Wavelet analysis has become by now a widely used technique in signal and image processing. It is a particular time-frequency, or rather time-scale, method, which is specially e cient at detecting and analyzing nonstationary e ects in signals, such as discontinuities, transients, etc. Mathematically speaking, wavelets are simply coherent states associated to a ne groups of various dimensions.
However, for analyzing a signal with such a technique, which privileges prior knowledge, it is advisable to choose a wavelet that matches the characteristics of the signal as well as possible. For instance, analyzing a static signal requires only a static wavelet, that is, a coherent state associated to some symmetry group of space, containing dilations of some kind. On the contrary, in the case of a time-dependent signal (such as a movie or video sequence), one needs a time-dependent wavelet, in other words, a coherent state associated to a symmetry group of space-time.
Then the question arises, how does one construct wavelets adapted to a given setup? A possible answer is given by the general theory of coherent states developed in 1, 2] and thoroughly described in 3] and 4]. The construction proceeds in two steps. First one chooses an appropriate group G of transformations applicable to the signal under consideration. Next one selects a square integrable representation U of G, possibly modulo a subgroup, if any. Then the corresponding coherent states (CS) are simply the elements of the orbit under U of a xed vector in the representation space.
In this paper, we will apply this approach to the construction of time-dependent wavelets. However, there are several possibilities for the group G, depending on the kinematics (i.e. relativity group) one chooses.
(i) Kinematical or Euclidean wavelets: This is the simplest case. G consists of spacetime translations, space-time dilations (denoted a; a 0 respectively), space rotations (which reduce to re ections in one space dimension) and time re ection.
(ii) Galilean wavelets: G is the a ne Galilei group, which combines the (extended) Galilei group with independent space and time dilations (a; a 0 ).
(iii) Schr odinger wavelets: Here G consists of the Galilei group plus Schr odinger dilations, i.e. with the constraint a 0 = a 2 (that is, dilations leave invariant the Schr odinger and the heat equations) 5, 6] .
(iv) Relativistic wavelets: G is the Weyl-Poincar e group, combining the Poincar e group with relativistic space-time dilations, characterized by the relation a 0 = a. Kinematical wavelets have been introduced by Duval-Destin and Murenzi 7] for the analysis of simple motion, and later applied by Murenzi et al. 8 ] to various practical problems of motion tracking. Relativistic (Poincar e) wavelets have been constructed by Bohnk e 9], using mathematical work of Unterberger 10] , and also (in 1+1 dimensions), by Bertrand and Bertrand 11] . But the Galilean case has been largely undocumented up to now, maybe because of the complicated structure of the Galilei group 12, 13] . Some results were obtained in 14] , but a comprehensive study is still missing, except for the brief overview given in 15]. This paper aims at lling this gap.
The general a ne Galilei group and the Schr odinger subgroup are treated in Sections 2 and 3 respectiveley. For the convenience of the reader, we have brie y summarized in Appendices A and B the general construction method of coherent states associated to square integrable group representations, following 1]-4], and the Mackey method of induced representations. 2 The extended a ne Galilei group and its unitary representations
The a ne Galilei group
The kinematics of a free nonrelativistic physical particle is governed by its invariance under the action of the Galilei group 12], which is a ten parameter group G 0 of transformations of Newtonian space-time (we work in 3 space dimensions, although the whole discussion extends to n dimensions, for any n 3). An element g 2 G 0 is of the form g = (b; a; v; R); b 2 R; a; v 2 R 3 ; R 2 SO(3); (2.1) where b is a time translation and a a spatial translation, v a velocity boost and R a spatial rotation. The action of g on a space-time point (x; t) is given by g(x; t) = (x 0 ; t 0 ), where x 0 = Rx + vt + a; t 0 = t + b:
The group law of G 0 is In order to get Galilean wavelets, we have to replace G 0 by the a ne group obtained by combining G 0 with independent space and time dilations. Thus our program should be, rst, to de ne the semidirect product G 0 o D 2 of the pure Galilei group G 0 with a two-dimensional dilation group D 2 (R + ) 2 ' R 2 , and then to construct projective representations of the resulting group, as usual. However, a straightforward computation,
given in Appendix C, shows that the only central extensions of G 0 o D 2 by R are of the form G 0 o G WH , where G WH is the Weyl-Heisenberg group, itself a central extension of D 2 . In particular, the central extension procedure fails to generate mass, as it does in the usual situation, where no dilations are considered.
The only alternative is to reverse the order of the two constructions:
(1) Take rst a central extension of G 0 by R, which yields the extended Galilei group G M corresponding to the extension parameter M > 0. (2) Construct the semidirect product G M a = G M o D 2 , the extended a ne Galilei group.
However, as we shall see below, M should not be interpreted as mass, but rather as a mass unit or mass scale (the physical mass varies under dilations, whereas M is xed).
As for the rst step, the group G 0 admits a one-parameter family of central extensions In addition, the center of G M a is trivial, which shows indeed that the latter cannot be a central extension. However, it is in fact an extension of G 0 o D 2 , but a noncentral one. An interesting example is given by (y) = 2 , i.e. the Schr odinger case. The corresponding constraint relation is simply q = 1, so that we get the admissibility condition: Notice that the q-integration has disappeared in (2.42), because inserting the factor (q?1) in (2.41) is equivalent to quotienting out the subgroup of phase factors, in addition to T 0 . We will study this example in detail in the next section.
3 the rst and the last ones corresponding to generic orbits, the second one to a degenerate, lower dimensional orbit. As before, we consider only the last case.
It is easy to check that all the points (E; p) such that E? L being admissible i the integral in (3.13) converges. A similar result may be obtained for the (n + 1)-dimensional Schr odinger group, for any n 1.
Clearly there is a dense set of admissible vectors , and each of them generates a tight frame of CS, of the Gilmore-Perelomov type. Typical wavelets of this kind are, for instance, in space-time:
the Schr odinger-Marr wavelet:
SM (x; t) = i@ t + 2m e ?(x 2 +t 2 )=2 ;
the Schr odinger-Cauchy wavelet:
SC (x; t) = i@ t + 2m 1 (t + i)
Here we have put m = q 0 M, so that m is the true mass, as it appears in the Schr odinger equation, as observed in 13]. Preliminary numerical analysis of these functions reveal a rather complicated structure. Yet the wavelet transform they generate is, by construction, well adapted to quantum situations governed by the Schr odinger equation, and one may hope that they will prove useful in problems such as the description of Rydberg states in atomic physics, or in the description of laser-atom interactions.
Our last remark is to make the connection between the analysis of the extended GalileiSchr odinger group G M S and the special subgroup discussed at the end of Section 2.5.
Mathematically, imposing thez constraint q = 1 in (2.41), inserting a factor (q ? 1), is equivalent to quotienting out the subgroup . In technical terms, the original representation space H L ' L 2 (X ++ ; dq dE d 3 p; H j ) is a direct integral over q,
L dq; (3.14) and we are taking the restriction to a single component, corresponding to q = 1, or, more generally, q = q o . As a result, the phase factor in U (qo) + is trivial, and may be factored out, exactly as for the Weyl-Heisenberg group.
We also note, in conclusion, that the same analysis may be done for the other nondegenerate orbit, corresponding to E ? Then the projection operator P is an integral operator, with kernel K : G G ! C given by K (g; g 0 ) = d( ) ?1 h g j g 0i, that is, 
of G is noncompact or, more generally, if G has no discrete series, like the Poincar e group. Moreover, it might be desirable to have a family of coherent states which are not indexed by the points of G itself, but rather by the points of some homogeneous space X = G=H, where H is a closed subgroup of G. A typical example is H = H , the isotropy subgroup (up to a phase) of : this is the familiar case of the Gilmore-Perelomov coherent states 18, 19] .
In all such cases, one may recover most of the previous theory under additional conditions, as follows. Let U be a UIR of G on a Hilbert space H, be a (quasi-)invariant measure on X = G=H and : X ! G a Borel section. The representation U is then said to be square integrable mod(H; ) if there exists a nonzero 2 H such that
where A is a bounded invertible operator. For such a vector , which is said to be admissible mod(H; ), one de nes as (covariant) coherent states the vectors (x) = U( (x)) ; x 2 X. In this way one obtains a total set S = S ( ) of vectors in H, indexed by the points of X.
If the inverse operator A ?1 is also bounded, the set S is called a frame, and a tight frame if A is a multiple of the identity, A = I H . This terminology is borrowed from the theory of nonorthogonal expansions 20, 21] , to which the present construction reduces in the where X is a purely discrete space, with a counting measure. The covariant coherent states have essentially the same properties as the ordinary ones. Assume for simplicity that we have a frame and that the measure is invariant. Then one has successively:
( The similitude group SIM(n) of R n (n 3) : for H = SO(n ? 1), one gets the axisymmetric n-dimensional wavelets.
In addition, it yields CS for many groups which have no square integrable representations, and are thus inaccessible to the Gilmore-Perelomov method. A notable example is that of the relativity groups, such as the Euclidean, the Galilei or the Poincar e groups, or more generally, the semidirect product G = V o S of a vector space V by a semisimple group S of automorphisms of V . In that case, one usually takes for X = G=H a coadjoint orbit of G, i.e. a natural phase space for the system at hand. It follows that H 6 = H , for any , since H contains translations. Thus it is imperative to use the general construction in order to get CS 2, 3] .
The interesting point is that, when one combines these groups with dilations, thus getting the corresponding a ne groups, square integrability is often regained. This is true in the Poincar e case, as shown by Unterberger 10] and Bohnk e 9]. It is also true for the (extended) Galilei group, as shown in this paper. But it is not true in the Weyl-Heisenberg case: the a ne Weyl-Heisenberg group has no square integrable representations, and one has to go to appropriate homogeneous spaces 22].
B. The Mackey method of induced representations
For the convenience of the reader, we recall brie y in this Appendix the essential points of the Mackey method of induced representations. Let G be a Lie group of the form G = T o H, a semidirect product of the abelian group T R n (n > 0) with the semisimple group H. We denote by T the dual of T and by hxjai the action of the element x 2 T on the element a 2 T . Every element h 2 H induces an automorphism in T , and thus by duality induces the automorphism in T de ned as follows: hhxjai = hxjh ?1 ai; 8 (a; x) 2 T T :
The unitary irreducible representations of T are one-dimensional, that is, characters, and are given by Thus the only solution generating a mass operator is given by = 2, namely B(K i ; P i ) = ; K i ; P i ] = I; (C.13) with 2 R and I the generator of the center of the extension. Hence we obtain precisely the commutation relations of the central extensions of the Schr odinger group. It is then easy to check that these extensions coincide with the subgroup of G M a de ned by the equation = 2 : (C.14) In other words, in the Schr odinger case, the two operations of central extension and of taking a semidirect product with the dilation group commute.
